Abstract. The 2-sets convex feasibility problem aims at finding a point in the nonempty intersection of two closed convex sets A and B in a Hilbert space X. The method of alternating projections is the simplest iterative procedure for finding a solution and it goes back to von Neumann. In the present paper, we study some stability properties for this method in the following sense: we consider two sequences of sets, each of them converging, with respect to the Attouch-Wets convergence, respectively, to A and B. Given a starting point a0, we consider the sequences of points obtained by projecting on the "perturbed" sets, i.e., the sequences {an} and {bn} given by bn = PB n (an−1) and an = PA n (bn). Under appropriate geometrical assumptions on the limit sets, we ensure that the sequences {an} and {bn} converge in norm to a point in the intersection of A and B. Finally we consider the case in which the limit sets A and B are subspaces.
Introduction
The 2-sets convex feasibility problem is the classical problem of finding a point in the nonempty intersection of two closed and convex sets A and B in a Hilbert space X (see [5, Section 4.5] for some basic results on this subject). Many efforts have been devoted to the study of algorithmic procedures to solve convex feasibility problems, both from a theoretical and from a computational point of view (see, e.g., [1, 3, 4, 6, 12] and the references therein). The method of alternating projections is the simplest iterative procedure for finding a solution and it goes back to von Neumann [19] : let us denote by P A and P B the projections on the sets A and B, respectively, and, given a starting point c 0 ∈ X, consider the alternating projections sequences {c n } and {d n } given by d n = P B (c n−1 ) and c n = P A (d n ) (n ∈ N).
In the case the sequences {c n } and {d n } converge in norm to a point in the intersection of A and B, we say that the method of alternating projections converges. Many concrete problems in applications can be formulated as a convex feasibility problem. As typical examples, we mention solution of convex inequalities, partial differential equations, minimization of convex nonsmooth functions, medical imaging, computerized tomography and image reconstruction. For some details and other applications see, e.g., [1] and the references therein.
Often in concrete applications data are affected by some uncertainties. Hence stability of solutions of a convex feasibility problem with respect to data perturbations is a desirable property, both from theoretical and computational point of view. In the present paper we investigate some "stability" properties of the alternating projections method in the following sense. Let us suppose that {A n } and {B n } are two sequences of closed convex sets such that A n → A and B n → B for the Attouch-Wets convergence (see Definition 2.2) and let us introduce the definition of perturbed alternating projections sequences. Definition 1.1. Given a 0 ∈ X, the perturbed alternating projections sequences {a n } and {b n }, w.r.t. {A n } and {B n } and with starting point a 0 , are defined inductively by b n = P Bn (a n−1 ) and a n = P An (b n ) (n ∈ N)
Our aim is to find some conditions on the limit sets A and B that guarantee, for each choice of the sequences {A n } and {B n } and for each choice of the starting point a 0 , the convergence in norm of the corresponding perturbed alternating projections sequences {a n } and {b n }. If this is the case, we say that the couple (A, B) is stable.
The results reported in this paper can be seen as a continuation of the research considered in [8] . However, compared with the notion of stability studied in that paper, the approach developed here seems to be more interesting also from a computational point of view since it does not require to find an exact solution of the "perturbed problems" (i.e. the problems given by the sets A n and B n ) but only to consider projections on the "perturbed" sets A n and B n . Moreover, the techniques used in the proofs are completely different from those of [8] .
Clearly, in order that the couple (A, B) is stable, it is necessary that the alternating projections sequences {c n } and {d n } converge in norm (indeed, we can consider the particular case in which the sequences of sets {A n } and {B n } are given by A n = A and B n = B, whenever n ∈ N). Since, in general, this is not the case (see [12, 17] ), we shall restrict our attention to those situations in which the method of alternating projections converges. After some preliminaries, contained in Section 2, we consider, in Sections 3 and 4, respectively, the following two cases:
(i) A and B are separated by a strongly exposing functional f for the set A, i.e., there exist x 0 ∈ A ∩ B and a linear continuous functional f such that inf f (B) = f (x 0 ) = sup f (A) and such that f strongly exposes A at x 0 (see Definition 2.5); (ii) A and B are closed subspaces. Observe that if (i) is satisfied then the method of alternating projections converges. Indeed, by [5, Lemma 4.5.11] or by [14, Theorem 1.4] , the alternating projections sequences {c n } and {d n } satisfy c n − d n → 0. Then it is easy to verify that f (c n ), f (d n ) → f (x 0 ) and hence, since f strongly exposes A at x 0 , we have that c n , d n → x 0 in norm.
Similar assumption on the limit sets has been considered by the authors and E. Molho in the recent paper [8] , in which they proved, among other things, that if (i) is satisfied and if x n ∈ A n , y n ∈ B n are such that x n − y n coincides with the distance between A n and B n then x n , y n → x 0 in norm (see the proof of [8, Theorem 4.5] ). In Section 3 of the present paper, we prove that if A and B are separated by a strongly exposing functional f for the sets A then, for each choice of sequences {A n }, {B n } and starting point a 0 , the corresponding perturbed alternating projections sequences {a n } and {b n } converge in norm to x 0 (cf. Theorem 3.3 below). In this case, our approach is essentially based on suitable approximations of the sets A n and B n by convex and non-convex cones, respectively.
The convex feasibility problem where A and B are subspaces is the original problem studied by von Neumann. In his, now classical, theorem (see [19] ), he proved that the alternating projections sequences {c n } and {d n } converge in norm to P A∩B (a 0 ). This theorem was rediscovered by several authors and many alternative proofs were provided (see, e.g., [15, 14] and the references therein). In Section 4, we study the problem of convergence of perturbed alternating projections sequences in the case in which A and B are subspaces (case (ii) above). Example 4.1 below shows that even in the finite-dimensional setting it is conceivable that the perturbed projections sequences are unbounded in the case A ∩ B = {0}. For this, in Section 4, we focus on the situation in which A and B are closed subspaces such that A ∩ B = {0}. It turns out that if A + B is a closed subspace then the couple (A, B) is stable (Theorem 4.2). On the other hand, in Theorem 4.7, we provide a couple (A, B) of closed subspaces such that A ∩ B = {0} and such that there exist sequences of sets {A n }, {B n } and starting point a 0 such that the corresponding perturbed projections sequences are unbounded. Our construction is based on the example, contained in [10] , of two subspaces of a Hilbert space with non-closed sum such that the convergence of the corresponding alternating projection method is not geometric (for the definition of geometric convergence see [10] , see also [18] for some results concerning the convergence rate of the alternating projection algorithm for the case of n subspaces).
Notations and preliminaries
Throughout all this paper, if not differently stated, X denotes a real normed space with the topological dual X * . We denote by B X and S X the closed unit ball and the unit sphere of X, respectively. For x, y ∈ X, [x, y] denotes the closed segment in X with endpoints x and y. For a subset K of X, α > 0, and a functional f ∈ S X * bounded on K, let
be the closed slice of K given by α and f .
For f ∈ S X * and α ∈ (0, 1), we denote
It is easy to see that C(f, α) and V (f, α) are nonempty closed cones and that C(f, α) is convex. For a subset A of X, we denote by int (A), ∂A, conv (A) and conv (A) the interior, the boundary, the convex hull and the closed convex hull of A, respectively. We denote by diam(A) = sup x,y∈A x − y , the (possibly infinite) diameter of A.
Moreover, given A, B nonempty subsets of X, we denote by dist(A, B) the usual "distance" between A and B, that is,
Let us now introduce some definitions and basic properties concerning convergence of sets. By c(X) we denote the family of all nonempty closed subsets of X. Let us introduce the (extended) Hausdorff metric h on c(X). For A, B ∈ c(X), we define the excess of A over B as Next we recall the definition of the so called Attouch-Wets convergence (see, e.g., [16, Definition 8.2.13] ), which can be seen as a localization of the Hausdorff convergence. If N ∈ N and A, C ∈ c(X), define
Several times without mentioning it, we shall use the following two results. 
Fact 2.4. Let A be a nonempty closed convex set in a Banach space X. Suppose that {A n } is a sequence of closed convex sets such that A n → A for the Attouch-Wets convergence. Then, if {a n } is a bounded sequence in X such that a n ∈ A n (n ∈ N), we have that dist(a n , A) → 0. Definition 2.5 (see, e.g., [9, Definition 7.10] ). Let A be a nonempty subset of a normed space X. A point a ∈ A is called a strongly exposed point of A if there exists a support functional f ∈ X * \ {0} for A in a i.e., f (a) = sup f (A) , such that x n → a for all sequences {x n } in A such that lim n f (x n ) = sup f (A). In this case, we say that f strongly exposes A at a.
Let us observe that f ∈ S X * strongly exposes A at a iff f (a) = sup f (A) and
Let us recall that a body in X is a closed convex set in X with nonempty interior.
Definition 2.6 (see, e.g., [13, Definition 1.3] ). Let A ⊂ X be a body. We say that x ∈ ∂A is an LUR (locally uniformly rotund) point of A if for each ε > 0 there exists δ > 0 such that if y ∈ A and dist(∂A, (x + y)/2) < δ then x − y < ε.
If A = B X , the previous definition coincides with the standard definition of local uniform rotundity of the norm at x. We say that A is an LUR body if each point in ∂A is an LUR point of A.
Lemma 2.7. Let A be a body in X and suppose that a ∈ ∂A is an LUR point of A. Then, if f ∈ S X * is a support functional for A in a, f strongly exposes A at a.
The lemma is well-known in the case the body is a ball (see, e.g., [9, Exercise 8 .27]) and in the general case the proof is similar (see, e.g., [8, Lemma 4.3] ).
The next lemma gives a characterization of those functionals f that strongly expose a set A in terms of containment of A in translations of cones of the form C(f, α).
Lemma 2.8. Let A be a convex set in X such that 0 ∈ A. Let f ∈ S X * be such that f (0) = inf f (A) and let x 0 ∈ S X be such that f (x 0 ) = 1 . Let us consider
Remark 2.9. Observe that if α ∈ (0, 1) is such that ε(α) is finite then, in the definition of the function ε, the infimum is actually a minimum. Hence, in this case, we have that
Proof of Lemma 2.8. On the contrary, suppose that ε(α) is not o(α) as α → 0 + , then there exist M > 0 and
In particular, we have f (
M zn
2 zn ) → 0 as n → ∞. Since A is convex and 0 ∈ A, we have that eventually M zn 2 zn ∈ A, and hence that −f does not strongly expose A at 0.
For the other implication, suppose that ε(α) is o(α) as α → 0 + . By Remark 2.9, we have that eventually (for α → 0 + ) ε(α) is finite and
and hence x ≤ ε(α) α + ε(α)+ α. This proves that (−f ) strongly exposes A at 0. In the following two lemmas we analyse some relations between the Attouch-Wets convergence of a sequence of sets and the containment of the sets of the sequence in a cone of the form V (f, α) or C(f, α).
Lemma 2.10. Let B, B n (n ∈ N) be closed convex sets in X such that B n → B for the Attouch-Wets convergence, and f ∈ S X * . Suppose that x 0 ∈ S X is such that f (x 0 ) = 1 and suppose that 0 ∈ B ⊂ {x ∈ X; f (x) ≤ 0}. Then, for each α ∈ (0, 1) and ε > 0, there exists n 0 ∈ N such that B n ⊂ V (f, α) + εx 0 , whenever n ≥ n 0 .
Proof. On the contrary, suppose that there exists a sequence of integers {n k } such that, for each k ∈ N, there exists
by Fact 2.4, we can suppose without any loss of generality that
Let δ = min{ε, α/2}, since 0 ∈ B and B n → B for the Attouch-Wets convergence, we can suppose without any loss of generality that, for each k ∈ N, there exists
and observe that w k ≤ 1 + ε. Moreover, we have
Since {w k } is a bounded sequence, by Fact 2.4, dist(w k , B) → 0. Hence we get a contradiction since {w k } ⊂ {x ∈ X; f (x) ≥ α/2} and dist(B, {x ∈ X; f (x) ≥ α/2}) > 0. Lemma 2.11. Let A, A n (n ∈ N) be closed convex sets in X such that A n → A for the Attouch-Wets convergence, f ∈ S X * , α ∈ (0, 1), and ε > 0. Suppose that x 0 ∈ S X is such that f (x 0 ) = 1 and suppose that 0 ∈ A ⊂ C(f, α) − εx 0 . Then, for each β ∈ (0, α) and ε ′ > ε, there exists n 0 ∈ N such that A n ⊂ C(f, β) − ε ′ x 0 , whenever n ≥ n 0 .
Proof. Suppose on the contrary that there exists a sequence of integers {n k } such that, for each k ∈ N, there exists
Since a n k + ε ′ x 0 ∈ C(f, β), we have
Fix any γ ∈ (β, α) and let M ≥ 1 be such that M >
by Fact 2.4, we can suppose without any loss of generality that a n k ≥ M (k ∈ N). Moreover, since 0 ∈ A and A n → A for the Attouch-Wets convergence, we can suppose without any loss of generality that, for each k ∈ N, there exists c k ∈ A n k ∩ θB X . Put, for each k ∈ N,
and observe that M − θ ≤ b k ≤ M + θ. Now, by (1), we have f (a n k ) < β a n k and hence
Moreover, since {b k } is bounded and A ⊂ C(f, α) − εx 0 , by Fact 2.4, we have that eventually f (b k ) ≥ α b k − 2ε ′ and hence that
In particular, we have that eventually
Convergence of perturbed alternating projections sequences
In the sequel of the paper, we suppose that X is a real Hilbert space. If u, v ∈ X \ {0}, we denote as usual cos(u, v) = u,v u v , where u, v denotes the inner product between u and v.
If K is a nonempty closed convex subset of X, let us denote by P K the projection onto the set K. Several times without mentioning it, we shall use the variational characterization of best approximations from convex sets in Hilbert spaces: let K be as above, x ∈ X and y 0 ∈ K, then y 0 = P K (x) if and only if (2) x − y 0 , y − y 0 ≤ 0 whenever y ∈ K.
It is easy to see that, if x ∈ K, (2) is equivalent to the following condition:
Moreover, if K is a subspace of X then (2) becomes (4) x − y 0 , y − y 0 = 0 whenever y ∈ K.
Let us recall the definition of stability for a couple (A, B) of subsets of X.
Definition 3.1. Let A and B be closed convex subsets of X such that A ∩ B is nonempty. We say that the that the couple (A, B) is stable if for each choice of sequences {A n }, {B n } ⊂ c(X) converging for the Attouch-Wets convergence to A and B, respectively, and for each choice of the starting point a 0 , the corresponding perturbed alternating projections sequences {a n } and {b n } converge in norm.
Remark 3.2. We remark that in the above definition we can equivalently require that there exists c ∈ A ∩ B such that a n , b n → c in norm.
Proof. It suffices to prove that if the perturbed alternating projections sequences {a n } and {b n } converge in norm then they both converge to a point in A ∩ B.
Let us start by proving that if a n → a then a ∈ A ∩ B. It is not difficult to prove that, since a n+1 = P An P Bn a n = P A P B a n + (P An P Bn − P A P B )a n and since A n → A, B n → B for the Attouch-Wets convergence, we have a = P A P B a. By [2, Facts 1.1, (ii)], we have that a ∈ A ∩ B. Similarly, it is easy to see that b n+1 = P Bn a n = P B a n + (P Bn − P B )a n → P B a = a, and the proof is concluded.
The main aim of this section is to prove that under the assumption that the sets A and B are separated by a strongly exposing functional f for the set A (i.e. condition (i) in the introduction) the couple (A, B) is stable. The following theorem is the main result of this section. Theorem 3.3. Let X be a Hilbert space and A, B nonempty closed convex subsets of X. Let {A n } and {B n } be two sequences of closed convex sets such that A n → A and B n → B for the Attouch-Wets convergence. Suppose that there exist y ∈ A ∩ B and a linear continuous functional f ∈ S X * such that inf f (B) = f (y) = sup f (A) and such that f strongly exposes A at y. Then, for each a 0 ∈ X, the corresponding perturbed alternating projections sequences {a n } and {b n } (with starting point a 0 ), converge to y in norm.
Before starting with the proof of the theorem we need some preliminary work. First of all, let us observe that without any loss of generality we can suppose that y = 0 and hence that inf f (A) = f (0) = sup f (B). Suppose that x 0 ∈ S X is such that f (x 0 ) = 1, i.e., f is represented by x 0 , in the sense that f (·) = x 0 , · . Then it is straightforward to give the following representation of the cones C(f, α) and V (f, α), introduced at the beginning of Section 2: if we define C(θ) := {x ∈ X \ {0}; cos(x, x 0 ) ≥ sin(θ)} ∪ {0} (θ ∈ (0, π 2 )), then the set C(θ) coincides with C(f, sin θ). Similarly, if we define
, then the set V (θ) coincides with V (f, sin θ). We shall need the following simple fact.
Proof. For z ∈ X \ {0} let us denote θ z = π 2 − arccos cos(z, x 0 ) and observe that z ∈ C(θ 2 ) ⇔ θ z ≥ θ 2 and z ∈ V (θ 1 ) ⇔ θ z ≤ θ 1 .
Let us define x
Proof of Theorem 3.3. Fix M > 0, it suffices to prove that the sequences {a n } and {b n } are eventually contained in 2M B X . Let f ∈ S X * and x 0 ∈ X be as above. Let α ∈ (0, 1) and let
by Lemma 2.8, ε(α) is o(α) as α → 0 + . In particular, we can fix β ∈ (0, 1/3) such that if θ = 1 2 arcsin(2β) then ε ′ := 2ε(3β) ∈ R and (a) ε ′ ≤ M/2;
Since, by Remark 2.9, 0 ∈ A ⊂ C(f, 3β) − ε(3β)x 0 , by Lemma 2.11, we have that eventually
Since, 0 ∈ B ⊂ {x ∈ X; f (x) ≤ 0}, by Lemma 2.10, we have that eventually
Since 0 ∈ A∩B, A n → A and B n → B for the Attouch-Wets convergence, eventually there exist x n ∈ A n ∩ ε ′ B X and y n ∈ B n ∩ ε ′ B X .
Claim. Eventually, if a n , b n , b n+1 ∈ M B X , the following conditions hold:
Proof of the claim. Let us prove (i) and (ii), the proof of (iii) and (iv) is similar. To prove (i), observe that, since a n ∈ A n ⊂ C(2θ) − ε ′ x 0 , we have
where the last inequality holds by (c). To prove (ii), we proceed similarly: observe that, since b n ∈ B n ⊂ V (θ) + ε ′ x 0 , we have
where the last inequality holds by (b). The claim is proved. Now, since a n = P An b n and x n ∈ A n , by (3), it holds (5) a n − x n ≤ b n − x n cos(a n − x n , b n − x n ).
Then we can observe that, by (i) and (ii) in our claim and by Fact 3.4, we have that eventually, if a n , b n ∈ M B X , it holds a n − x n ≤ b n − x n cos( 1 3 θ) and hence a n ≤ a n −x n +ε ′ ≤ ( b n +ε ′ ) cos(
where the last inequality holds by (d). Similarly, since b n+1 = P Bn a n and y n+1 ∈ B n , it holds b n+1 − y n+1 ≤ a n − y n+1 cos(b n+1 − y n+1 , a n − y n+1 ). By (iii) and (iv) in our claim and by Fact 3.4, we have that eventually, if a n , b n+1 ∈ M B X , it holds b n+1 − y n+1 ≤ a n − y n+1 cos( 1 3 θ) and hence b n+1 ≤ ( a n + ε ′ ) cos(
where the last inequality holds by (d).
By (5) and by the observations above, there exists n 0 ∈ N such that if n ≥ n 0 then the following conditions hold:
(α) if a n , b n ∈ M B X then a n ≤ b n cos( 1 6 θ), and if a n , b n+1 ∈ M B X then b n+1 ≤ a n cos( (β) if b n ∈ M B X then a n ≤ b n + 2ε ′ ≤ 2M , and if a n ∈ M B X then b n+1 ≤ a n + 2ε ′ ≤ 2M . Now, it is easy to see that there exists n 1 ≥ n 0 such that a n 1 ∈ M B X or b n 1 ∈ M B X . Indeed, since cos( 1 6 θ) < 1, the fact that, for each n ≥ n 0 , a n , b n ∈ M B X contradicts (α). By (β) and taking into account also (α), we obtain that a n , b n ∈ 2M B X , whenever n > n 1 .
Corollary 3.5. Let X be a Hilbert space, B a nonempty closed convex subset of X, A a body in X and y ∈ ∂A an LUR point of A. Let {A n } and {B n } be two sequences of closed convex sets such that A n → A and B n → B for the Attouch-Wets convergence. Suppose that A ∩ B = {y}. Then, for each a 0 ∈ X, the corresponding perturbed alternating projections sequences {a n } and {b n } (with starting point a 0 ), converge to y in norm.
Proof. Since (int A) ∩ B = ∅, by the Hahn-Banach separation theorem, there exists f ∈ S X * such that inf f (A) = f (y) = sup f (B).
Since y is an LUR point of A, by Lemma 2.7, f strongly exposes A at y. The thesis follows by Theorem 3.3.
It is worth noting that, in the recent paper [11] , a result concerning the convergence of iterates of nonexpansive mapping has been obtained under a geometrical condition involving LUR points.
Perturbed alternating projections sequences for subspaces
In this section, we study the convergence of the perturbed alternating projections sequences in the case where the limit sets are subspaces. The following elementary example shows that if the intersection of the subspaces is non-trivial, in general, convergence does not hold. 
Then, proceeding inductively, it is easy to construct a sequence {B n } such that the perturbed alternating projections sequences {a n } and {b n }, w.r.t. {A n } and {B n } and with starting point z 0 , are unbounded.
In order to avoid such a situation we consider the case in which the intersection of the subspaces reduces to the origin. We have the following theorem.
Theorem 4.2. Let X be a Hilbert space and suppose that U, V ⊂ X are closed subspaces such that U ∩ V = {0} and U + V is closed. Let {A n } and {B n } be two sequences of closed convex sets such that A n → U and B n → V for the AttouchWets convergence. Then, for each a 0 ∈ X, the corresponding perturbed alternating projections sequences {a n } and {b n }, with starting point a 0 , converge to 0 in norm.
If W is a subspace of X and ε ∈ (0, 1), let W (ε) ⊂ X be the set defined by W (ε) = {w ∈ X \ {0}; ∃u ∈ W \ {0} such that cos(u, w) ≥ 1 − ε} ∪ εB X .
An easy computation shows that:
Before starting with the proof of the theorem we need the following two lemmas.
Lemma 4.3. Let X be a Hilbert space and U a subspace of X. Let {A n } be a sequence of closed convex sets such that A n → U for the Attouch-Wets convergence. Then, for each ε ∈ (0, 1), it eventually holds that A n ⊂ U (ε).
Proof. On the contrary, suppose that there exist ε ∈ (0, 1) and a sequence {n k } of integers such that, for each k ∈ N, there exists x n k ∈ A n k \ U (ε). Since A n → U for the Attouch-Wets convergence, we can suppose, without any loss of generality, that x n k > 1 (indeed, we can observe that dist U, X \ U (ε) > 0 and use Fact 2.4).
Let γ ∈ (0, 1) be such that
)(1−γ) ≤ 1 and let k ∈ N be such that there exists z k ∈ A n k ∩ γB X . Consider
, and observe that 1 − γ ≤ w k ≤ 1 + γ and that, for each u ∈ U , we have
Lemma 4.4. Let U, V be closed subspace of a Hilbert space X such that U ∩V = {0} and U + V is closed. Let M ∈ (0, 1), then there exist ε ∈ (0, M ) and η ∈ (0, 1) such that, for each x ∈ U (ε) \ M B X , y ∈ V (ε) \ M B X and z ∈ εB X , we have cos(x − z, y − z) ≤ η.
Proof. By [10, Lemma 3.5], we have that
Fix any η ∈ (Ω, 1) and take ε ∈ (0, M ) such that
Suppose that x ∈ U (ε) \ M B X , y ∈ V (ε) \ M B X and z ∈ εB X . By (6) , there exist u ∈ U ∩ x S X and v ∈ V ∩ y S X such that x−u ≤ √ 2ε x and y−v ≤ √ 2ε y . Hence, x ′ := x − u − z ∈ 3 √ εB X and y ′ := y − v − z ∈ 3 √ εB X . Then we have:
We are now ready to prove our theorem.
Proof of Theorem 4.2. Fix M ∈ (0, 1), it suffices to prove that eventually a n , b n ∈ 3M B X (recall that {a n } and {b n } are defined as in Definition 1.1). Let ε ∈ (0, M ) and η ∈ (0, 1) be given by Lemma 4.4. Let us consider the sets U (ε), V (ε) and observe that, by Lemma 4.3, there exists n 0 ∈ N such that if n ≥ n 0 then A n ⊂ U (ε) and B n ⊂ V (ε). Let us fix ε ′ ∈ (0, ε) such that η + 2ε ′ M ≤ η+1 2 , then there exists an integer n 1 ≥ n 0 such that, for each n ≥ n 1 , there exist x n ∈ A n ∩ ε ′ B X and y n ∈ B n ∩ ε ′ B X .
Suppose that n ≥ n 1 , we can observe that:
• by (3) and Lemma 4.4, if a n , b n ∈ M B X , it holds a n − x n ≤ b n − x n η and hence
• similarly, if a n , b n+1 ∈ M B X , it holds b n+1 ≤ η+1 2 a n ;
• by (3), if b n ∈ M B X then a n ≤ b n + 2ε ′ ≤ 3M and, similarly, if a n ∈ M B X then b n+1 ≤ 3M . By the observations above and since η+1 2 < 1, proceeding as at the end of the proof of Theorem 3.3, it easily follows that eventually a n , b n ∈ 3M B X .
The remaining part of this section is devoted to proving that the assumption on the closedness of the sum of the subspaces, in Proposition 4.2, cannot be removed. This result is contained in Theorem 4.7 below and is inspired by the construction contained in [10, Section 4] . Let X = ℓ 2 . For the sake of clearness, we point out that, in the sequel, we sometimes use the following notation: if, for each h ∈ N, x h is an element of X, we denote by {x h } the corresponding sequence in X. Moreover, if h ∈ N is fixed, we can consider x h as a sequence of real numbers and we write x h = {x h n } n . Now, suppose that {θ n } ⊂ R is a bounded sequence and let us consider the linear continuous operator D : X → X given by Dx = D{x n } = {θ n x n } (x = {x n } ∈ X). Suppose that b = {b n } ∈ X and consider the closed convex subsets of Z = X ⊕ 2 X defined as follows:
Observe that A is a subspace of Z and V is an affine set in Z.
Remark 4.5. If (α, β) ∈ Z then we obtain immediately that P A (α, β) = (α, 0). Now, let us suppose that (α, 0) ∈ A and let us compute P V (α, 0). If we denote P V (α, 0) = ({x n }, {b n + θ n x n }), by the characterization of best approximation in Hilbert space, we have, for each {y n } ∈ X, ({x n − α n }, {b n + θ n x n }), ({y n }, {θ n y n }) = 0.
Hence, we must have x n − α n + b n θ n + x n θ 2 n = 0, whenever n ∈ N. That is, for each n ∈ N, it holds
Lemma 4.6. Let Z be defined as above. Let {b n } ⊂ X be a norm null sequence. Let D, D n : X → X (n ∈ N) be linear bounded operators such that D n → D in the operator norm. Then if we define
we have that W n → W for the Attouch-Wets convergence.
Proof. Let us fix N ∈ N. If z = (x, Dx) ∈ W ∩ N B Z then we can consider z ′ = (x, b n + D n x) ∈ W n and observe that
, and the proof is concluded. Theorem 4.7. Let Z be defined as above and A = {(x, 0) ∈ Z; x ∈ X}, then there exist (a) B a closed subspace of Z, (b) z 0 ∈ Z, (c) {A n }, {B n } ⊂ c(Z) two sequences of sets converging to A and B, respectively, for the Attouch-Wets convergence, such that the perturbed alternating projections sequences (w.r.t. {A n } and {B n } and with starting point z 0 ), are unbounded.
Proof. Let us consider the sequence {a n } ⊂ R, given by a n = 4 −n , and let us consider the operator D : X → X, given by D{x n } = {a n x n }. Then define B = {(x, Dx) ∈ Z; x ∈ X} and, for each n ∈ N, put A n = A. Now, consider any z 0 = ({α n }, 0) ∈ A such that α n > 0 (n ∈ N) and z 0 < 1. Let us put, N 0 = 1 and, for each n ∈ N, α 0,1 n = α n . We shall define inductively (with respect to h ∈ N) positive integers N h , countable families of elements of X
n } n . . . , positive real numbers M h , and sets C h ⊂ Z such that:
and where b h = {b h n } n ∈ X and θ h n ∈ R are given by
(iii) ({α h,1 n } n , 0) = P A P C h ({α Hence there exists a positive real number M h such that (i) holds true. Now, let us consider C h defined as in (ii). Then, by the relations in (iii) and (iv), we define {α h,t n } n (t ∈ N). We just have to prove that there exists N h ∈ N such that (v) is satisfied and that (vi) holds true. By taking into account Remark 4.5 and the fact that ({α h,1 n } n , 0) = P A P C h ({α 
and hence the the sequences {a n } and {b n } are unbounded.
It remains to prove that B n → B for the Attouch-Wets convergence or, equivalently, that C h → B for the Attouch-Wets convergence. In view of Lemma 4.6, it suffices to prove that the sequence {b h } is norm null and that D h → D in the operator norm.
By the inequalities in (i) and (v), we have (a n − 1 M h a n ) 2 x 2 n ≤ (1 + K) 2 a 2 h+1 x 2 (x = {x n } ∈ X).
Therefore, finally we obtain that
